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A NEW APPROACH TO STUDYING THE DYNAMICS
OF A THIN CURVED VORTEX

A. I. Gudimenko UDC 532.527

The paper studies the dynamics of a thin curved vortex in a potential flow of an ideal incompressible
fluid. The flow is specified by a number of geometrical restrictions and does not satisfy the Biot—
Savart law. The form of the derived equation of the vortex dynamics coincides with the form of
the well-known equation of local induction for self-induced vortexr motion. The parameters of the
new equation are simultaneously flow parameters, and in this sense, they do not show uncertainty
typical of classical equations. The coefficient of the new equation can take any specified values (not
necessarily much greater than unity, as required according to the concept of local induction) and
generally is a function of a natural filament parameter.

Introduction. The well-known analytical methods for determining the dynamics of a thin, optionally
weakly-curved vortex submerged in a potential flow of an ideal incompressible fluid are based on the assumption
that this flow is induced by the vortex, at least at sufficiently large distances from the vortex. It is assumed that the
interaction pattern is defined by the Biot—Savart law, which relates the spatial vorticity distribution to the induced
velocity.

The simplest approach (see, for example, [1]) considers the vortex as a filament, i.e., the fluid flow inside and
near the vortex core is ignored. The vortex dynamics is determined directly from the Biot—Savart integral, and the
known singularities in the integral are eliminated using two assumptions: 1) local induction approximation, i.e., the
assumption that a neighboring segment of finite length  much larger than the vortex core radius makes a dominant
contribution to the velocity of a filament’s particle; 2) the assumption that a neighboring segment of length ¢ of the
order of the vortex core radius makes a negligibly small contribution to the particle velocity. In a sense, the second
assumption is a consequence of the first assumption. The so-called equation of local induction obtained using the
indicated approach can be written as

%—f = % In (é)iz/}*N—i—c.c., (1)
where X (¢, s) is the radius-vector of a filament’s particle as a function of time ¢ and the natural parameter (arc
length) of the filament s, I' is the filament circulation, 7 is imaginary unit, ¥ is the natural curvature of the filament,
and N is the normal component of the natural reference point of the filament; the asterisk and c.c. denote complex
conjugation.

We note that Eq. (1) belongs to the class of equations integrated using the inverse-scattering method and
is equivalent to well-known equations such as the Heisenberg magnetic equation and the nonlinear Schrédinger
equation [2].

In papers [3-7], a more systematic analysis of flow is given, and the fluid flow inside and near the vortex
core is taken into account. The vortex dynamics is determined by joining asymptotic expansions in € of the internal
and external fields of fluid velocities, and the external field is determined from the Biot—Savart integral in the local
induction approximation. The equation obtained in the first approximation in e differs from Eq. (1) by the presence
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of an additional component in the factor at i1)* N, whose value depends on the profile of the initial approximation
to the axial and azimuthal fluid velocities in the vortex core.

Leibovich, et al. [8, 9] describe various methods for studying the dynamics of a weakly curved vortex, i.e., a
vortex whose characteristic deviation from a straight vortex does not exceed the vortex core radius. In the present
paper, we do not consider the dynamics of this type of vortices.

The concept of local induction underlying the approaches indicated above cannot be considered adequate.
First, within the framework of this concept, the parameters [ and ¢ remain undefined. Second, the local induction
approximation restricts the possible values of the equation coefficient by the condition In (I/¢) > 1. Third, the
requirement of constant length [ along the filament cannot apparently be satisfied for a vortex of an arbitrary
shape. We note that in the case of a weakly curved vortex, the concept of local induction does not agree with
experimental data. For example, in [10], the factor In (I/¢) was estimated within unity, and in [11], this factor is a
function of local vortex curvature.

In the present paper, we propose to derive the equation of dynamics for a thin curved vortex for the potential
flow that does not satisfy the Biot—Savart law. As in [3-7], we obtained the equation of vortex dynamics by joining
asymptotic expansions of the internal and external fields of fluid velocities. However, unlike in the papers cited,
in which the external field is determined from the Biot—Savart integral in the local induction approximation, we
imposed a number of natural constraints on the flow that do not contradict hydrodynamic equations. Under these
constraints, the vortex dynamics is described by an equation whose form coincides with that of the equation of local
induction. The parameters of the new equation, which are simultaneously flow parameters, are no longer uncertain.
The coefficient of the new equation can be an arbitrary function of the natural parameter of the filament. This
function specifies both the vortex dynamics and the external flow in which this dynamics occurs.

Generally, the indicated constraints reduce to the requirement that in a small neighborhood of an arbitrary
filamentary particle, the external field should coincide with the field induced by a straight filament that is a tangent
to the initial vortex filament at this point. This requirement can be considered a new principle for determining the
dynamics of a thin curved vortex and a reasonable alternative to the local induction concept.

The external field can be determined by construction of a special coordinate system for an arbitrary vortex
filament in a small neighborhood. In this system, one of the coordinates is identified with the external-field potential
and the other two coordinates parametrize an arbitrary equipotential field surface. Obviously, any restriction
imposed on the external flow is simultaneously a restriction on the coordinates of this system. The system is
constructed by expansion in a small parameter and is used as a working system in determining the internal field
from hydrodynamic equations.

1. Preliminary Data. We assume that a world volume of fluid is immersed in the coordinate Galilean
space R x R3. This assumption makes values dimensionless and distinguishes a characteristic scale — unity. To
this scale unit, we will relate the time parameter of vortex motion ¢, the natural parameter of the vortex s, the
characteristic radius of vortex curvature, and vortex circulation I'. The quantity € < 1 characterizes distances of
the same order as the vortex core radius.

Let U; and +, denote the fluid region and vortex filament in R3, respectively, at time t. We specify the
natural curvature ¢ and the reference (N, t) of the filament 7; by the equations

w:aeexp<i/7ds’>7 N:(n+ib)exp<i/7ds'>, t=X,,

where & is the curvature, 7 is the torsion, n and b are the normal and binormal to the filament, respectively, and
X (t,s) is the natural parametrization of the filament ;. Then, the Serret-Frenet formulas are valid:

N,=—t, = (@ N+ $N")/2 (2)

As the vortex filament, we take a curve in R? together with a numerical parameter that means circulation of
this filament. A classical expression for the field induced by a vortex filament is given by the Biot—Savart integral.

In the formulas, unless otherwise specified, all subscripts and superscripts, except for n, vary from 1 to 3.
The subscript n is an arbitrary integer. Summation is performed over repeated indices.

2. Formulation of the Problem of Determining the External Field. The restrictions imposed on
the external potential flow can be considered as requirements that determine the coordinate system (r, ¢, s) at an
arbitrary time ¢, where ¢ is the external-field potential at time ¢ and r and s are some coordinates on the equipotential
surface . The coordinate system (7, p, s) is defined in a certain region of the Euclidean space R3; therefore, it is
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possible to describe this system in terms of components of the metric induced by a scalar product in R3. Thus, the
problem considered reduces to determining the metrics components in the coordinate system (r, ¢, s) at an arbitrary
time t.

At any time t, the coordinate system (r, ¢, s) is associated with the filament -y;. As the domain of definition
of the coordinates, we take a neighborhood Uy \ v; of the filament v; located rather close to v, i.e., the distance from
any point of the neighborhood U; to 7 is of the same asymptotic order as e. We require that in this neighborhood
as r — 0, the coordinates r, ¢, and s form a local (at any point of the filament +;) cylindrical coordinate system with
the natural parameter s along the filament. In particular, this requirement means that in a small neighborhood of
an arbitrary point of the filament ~;, the external field coincides with the field induced by a straight vortex filament
tangent to ~; at this point.

We show how to define the coordinates r, ¢, and s by the use of metrics. Here we are dealing with the
vector-field basis (01,02, 03) in Uy \ ¢, which is related to the coordinate basis (9,, 0y, ds) of the system (r, ¢, s) by

(91 = (3}, (92 = Tﬁlap, 63 = 65.

We use ¢ = x(t,r, ¢, s) to denote the mapping of conversion from the sought coordinates in Uy \ v; to Cartesian
coordinates and set

€y = akw. (3)
Using the vector fields (3), we determine hy;, b}y, and 7}, assuming that
hii = (ex er), Oier — Ore; = byjenm, e = Y em, (4)

where (-, ) is a scalar product in R3. The quantities hy; are the metrics components in U \ 4 in the basis (91, 9z, 93).
The coefficients b} are calculated from the formula

m= 1185 (007 — 6 6), (5)
where (5lk is the Kronecker symbol. The quantities ;) are called the coefficients of canonical plane connectivity
in Uy \ 7 [12, 13]. Assuming that

bmkl = hmib;;lv Ymkl ‘= hmi’ﬁclv (6)
it can easily be shown (see [12]) that
Ykt = (Okhmi + Ohmk — Omhir) /2 + (bkim + bmkr — bimi) /2. (7)

We consider the system of equations defined by the last relation in (4). This is an overdetermined system of first-
order partial equations. Commutation of the coordinate fields (9., 0,,9s) in Uy \ 7 is a condition of solvability of
this system. Applying this condition to the system, we have

Rgnij = 0iYgnj — Oi¥gni + W Yugivini — W' Yegiving + vanibls = 0, (8)

where h*' are the elements of the inverse matrix of hy;. Equation (8) is called the condition of zero curvature of
the connectivity of ;. Relations (5)—(8) represent the necessary and sufficient conditions for the fact that the
functions hy; determine the coordinate system (r, ¢, s).

We write the condition under which the coordinate ¢ is the fluid velocity-field potential in terms of metric
components. As the fluid is incompressible, this condition implies that ¢ is a harmonic (in Uy \ 4+) function, i.e.,
A = 0, where A is a three-dimensional Laplace operator. Hence, in the basis (91, 02, 03), we have

T R =} 9)

Let us formulate the problem. Specifying the above requirements for the coordinate system (r, ¢, s), we
determine the “extended” (with respect to r) variable p := ¢~!r and require that the following asymptotic expansion
holds:

r=xg+ex;+...+"x, +... . (10)
Then,
ey, =epoteep1+...+e"epn+... hit = hiio + by + -+ €% + . (11)
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We also require satisfaction of the boundary condition

111’% hkl;n =0 (k = l, n 2 1) (12)
p—

and the relations
ro = X(t, S), hkl;O = 6kl, (13)

where dy; is the Kronecker symbol.

In the present paper, we confine ourselves to calculating the first approximation to hg;. As the governing
system, we take Eqgs. (4)—(7), the zero-curvature condition (8), and the harmonicity condition (9).

3. Calculation of the Metrics Components in the Coordinates r, ¢, and s. In the calculations,
we use a set of simple equalities hkol = ok, hkll = —hpi1, brimo = bfm;o, etc., derived from formulas of the form
of (6). After substitution of the corresponding asymptotic relations into these formulas and separation of terms with
appropriate exponents ¢, these formulas relate geometrical quantities to corresponding metrically dual quantities.

We write the system of equations for determining the quantities hy;.1. Using (7), we express conditions (8)
and (9) in terms of metric components, replace the metric components by their asymptotic expressions, and equate
to zero the sums of terms with e ! and €, respectively. As a result, considering the components Ri2,12, Ri3.13,
Ros 23, R12.13, and Rj2 23, from (8), we obtain the equations

1 0hogn 1 Phig 1 0hgen | 1 Ohig | 187z | 1 dhign

_ — _Z =0 14
2 9p* 202 O¢*  p Op  2p 9p  p Opdp  p* Op ’ 14
1 0%hssn _ 0 1 0%hssa 1 Ohssa _ 0: (15)
2 0p? ’ 202 92 20 Op ’

ﬁ(i Ohizn 1 8Ph23;1) _ 0 i(i Ohizn 1 8Ph23;1) —0 (16)

Op\2p Oyp 20 Op Ao \2p Dy 20 Op ’

and from (9), we obtain the equation
1 0 Ohi2,1

—— —(h11.1 — hoo1 + hss. —= =0. 17
2% 8ap< 11;1 22,1 + 33,1) + ap (17)

Eliminating the unknown variable hy1,1 from (14) using (17), with accuracy to an arbitrary function that does not
depend on ¢, we obtain

1 8h33;1 1 82h33;1
A(h22;1 - 2/h12;1 dtp) = —; Bp + F Dp2 (18)

where A is a two-dimensional Laplace operator:

92 190 1 02

TR
Equations (15)—(18) are the desired equations.
The solution of system (15) satisfying boundary condition (12) has the form
has.1 = —*pe’® + c.c., (19)

where (¢, s) is the constant of integration. With allowance for (12) and (19) and without seeking generality, we
take the following equation as a solution of Eq. (18):

hao;1 — 2_/h12;1 do = In (ap)y*pe + c.c., (20)

where «(t, s) is an arbitrary positive function. As solutions of system (16), we consider the arbitrary functions A3
and hgg,; that satisfy the equation
Ohizn  Ophasy
Op dp

The coefficient hq1,1 is obtained by substitution of (19) and (20) into (17). The choice of hi9.,1 is arbitrary.

We determine the geometrical meaning of the constant of integration . Into the last equation of (4), we
substitute expansion (11) and the known expansion of connectivity coefficients determined with accuracy to €. In
particular, for e and €°, we have
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861-0 862-0 aek.o 663.0

2 = . 2 = — . 2 = 2 = O' 21
9o €2:0, dp €1;0, ap 9o ) (21)
Oey. 1 A des. 1 ,
5e =gV ieTesotoe, TG = S urelens iexo) + o (22)
The solution of system (21) is written as
e10 = N"e'?/2 +c.c., es.0 = N"ie'? /2 + c.c., eso =t. (23)

As follows from (13), a pair of (IN,¢) forms a normalized dyad of vectors, and the vector ¢ is a tangent to ;.
Substitution of (23) into (22) yields a system of equations whose form coincides with that of the Serret—Frenet
system (2). Hence, 1) is the natural curvature and (IN,t) is the natural reference of the curve ;.

Thus, the problem of determining the external field (in the sense indicated above) is solved.

Remark 1. Reverting to the initial variable r, we find that the field hy; depends on the parameter a/e,
which can take arbitrary positive values. Varying this parameter, we obtain a set of external fields. The question
of whether this set contains a filament-induced field remains open.

4. Hydrodynamic Equations in the Coordinates r, ¢, and s. Below, we relate the fluid flow with
moving curvilinear coordinates r, ¢, and s in Uy \ 4.

We use u*, v*, and h* to denote the velocity-field components in the basis (9;,d2,d3) at time ¢ for absolute
fluid motion, relative fluid motion, and the motion of the coordinate system, respectively. Let (6,02,63) denotes
the basis in U; \ 7¢ which is dual to the basis (91,0s,03). We set uy = hyu', vp = hyv!, and hy = hyh'.
The quantities ug, vg, and hy are the components in the basis (61,69, 63) of the fields that are metrically dual to
the indicated velocity fields. Below, we use only the quantities uy,vx, and hg (and not the quantities u*,v*, and
h¥); therefore, the term “metrically dual” in the names of the corresponding fields is omitted. Thus, the obvious
relation ux = vi + hi should be interpreted as the “equality of the velocity field of absolute fluid motion to the
sum of the velocity fields of relative fluid motion and the motion of the coordinate system.” We note that for the
components hy, an expression similar to that for the components hyg; in (4) can be written as

hye = (en, €o) (eo = %—f). (24)

In the moving curvilinear coordinates r, ¢, and s in the basis (61,62, 63) in Uy \ 7+, the Euler equations and

discontinuity equations have the form

0 1
E u; + Umhml(alui — O;uy + ukbﬁ-) + 0; (p + B hklukul) = 0; (25)

—hM oy + hE Ay, = 0. (26)

The validity of this representation can be shown by converting from the basis (81, 62, 63) of the coordinates considered
to a Cartesian basis of natural inertial coordinates in R3.

5. Formulation of the Problem of Determining the Vortex Dynamics. We assume that the region U;
contains not only the vortex filament ; but the vortex studied. We take that circulations of both the filament and
the vortex coincide. We take the boundary-surface equation for the vortex in the form r = rg(t, ¢, s).

Let us formulate general requirements for the flow. We take € as a small parameter of the problem, convert
to the variable p := &'
also require that

r, and preserve all the previous assumptions on the asymptotic behavior of the metrics. We

Vg = E_l’l)k;,l + Vg0t ...+ 5”vk;n + ... hy = hk;O + Ehk;l + ...+ Enhk;n + ...
pB=potepr+...+epn+ ... (pB =€ 'rp),
and
limovkm =0, po = po(t,s) (k=1,2; n>—1). (27)
p—

For the external field, we take

vy;—1 =0, vo,—1 = v(p), v3,—1 = w(p), (28)

where v and w are arbitrary functions in U; and v — 0 as p — 0. We assume that this field is continuous over the
entire U;.
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The external field of absolute velocities is determined as a differential of the coordinate ¢ multiplied by T'/(27)
(T is the filament circulation). In the basis (61, 602,03), the field has the components

up =uz =0, ug =I'/(27r).
Hence,
U1,—1 = ug;—1 =0, ug,—1 =I'/(2mp), Upn =0 (n>0). (29)

We define the dynamics of the vortex from the joining condition as p — oo for the internal and external
fields of absolute velocities up to a zeroth approximation. The velocity field for the coordinate system motion is
determined from Eq. (24), and the internal field of relative fluid velocities is determined from Eqs. (25) and (26).

6. The Equation of Vortex Dynamics. We apply the joining condition to the initial approximations of
the internal and external fields of absolute fluid velocities. By virtue of the conditions of flow potentiality outside the
vortex and the continuity conditions for the velocity fields, in passage through the vortex boundary, from Egs. (28)
and (29), we have v = I'/(2mp) and w = 0 for p > po, i.e., in the initial approximation, the internal and external
velocity fields coincide outside the vortex and at the vortex boundary.

We calculate the zeroth approximation to the velocity field of the coordinate system. We substitute (10)
and (11) into (24) and separate terms with €° in the equation obtained. With allowance for (23), we have

hio= (X, N*)e?/2 +cc.,  hao= (Xi, N%)ie?/2+cc,,  hao = (X4, ),
where X := 0X /0t. We note that

Oho _, Ohaso
6(p — 12,0, 8(,0

Let us calculate the zeroth approximation to the radial and rotational components of the internal field of
relative fluid velocities. With allowance for (9), we write (26) in the form

— B Oy + WPy g — h%uy /1 + hFAdug = 0. (31)

= —hiy. (30)

We substitute the asymptotic expressions for ¥, w;, and ~17 into Eq. (31) and separate terms with e~!. With
allowance for (30), we have

371}}113;1 w 3h23;1 _
T ;(h13-1 + o )=o, (32)

where w := v, + v/p. Equation (32) is satisfied by introducing the stream function tr,1:

1 0o, O,
V1,0 = — "/}12,1 =+ whlg;h V2.0 = —M + pw/h12;1 d(p + U)h23;1. (33)
p Op dp

We exclude the pressure from the first two equations (i = 1,2) of system (25) and substitute the asymptotic
expressions for vg, hi, and A with the coefficients v1,0 and ve,o in the form of (33) into the obtained equation.

+whiga +

For €72, we have
Miz1  wy Ohian Ohaa ww, Ohss;
AL Wp TV, ( i —2h.) Wp szt _ 34
dp v Oy tw dp 121 ) + v Op (34)
where A is a two-dimensional Laplace operator. We will seek solutions of Eq. (34) in the form
Bran = blt,p, 5) + c(p)"e™ + c.c. (35)

Substitution of (19), (20), and (35) into (34) yields ¢,, +¢,/p — ¢/p* —w,c/v = —wpln (ap) + pww,/v. Integration
of the above equation with allowance for (27) gives

nv?(n)
0

n
c= v/ dn /(—(%w In () + CCwwe) dC. (36)
0
Equations (33), (35), and (36) define the zeroth approximation to the radial and rotational components of the
internal fields of relative fluid velocities.
We join the zeroth approximations of the internal and external fields of absolute fluid velocities. In particular,

for the internal field, we have
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lim (UI;O + hl;()) =0.

p—00

After substitution of the explicit expressions for vi,0 and hi,o and several simple transformations, we obtain the

desired equation of vortex dynamics
ox T

0 = 5 (I (ep0) = Alpo))it" N + e+ (X, D)t (37)

472 i i
A(p) = —5 < w?d¢ -2 | ¢w? dC).
= Jeree]

We note that the expression for A(pg) coincides with the corresponding expression obtained in [2-6]. The
value of this parameter is determined by the initial approximation to the axial and azimuthal fluid velocities in the
vortex core. For example, for the initial fluid velocity distribution, corresponding to the rigid-body rotation, we
have A(pg) = 1/4.

Without loss for generality, the third term on the right side of Eq. (37) can be set equal to zero. The
procedure for eliminating this term is as follows: starting from Sec. 4, it is necessary to convert from the coordinate
system (7, ¢, s) to the system (7, ¢, ), where £ is a parameter along the filament ~; for which (90X (¢,£)/0t,t) = 0.
In this case, all quantities in the formulas should be still related to the basis (01, d2,05). Then, the calculations
performed under Sec. 6 remain unchanged, except for formula (37), in which the third term is absent.

If the initial approximation to the vortex core radius is constant along the filament and with time, then
according to Remark 1 in Sec. 3, the quantity In (apg) is a parameter of the external field. By construction, this
parameter is an arbitrary function of ¢ and s. The choice of this function specifies both the vortex dynamics and
the flow in which this dynamics occurs. In particular, the integrated vortex dynamics occurs if this parameter is a
constant.

Conclusions. A new method for determining the dynamics of a thin curved vortex in the potential flow of an
ideal incompressible fluid was proposed. Traditionally, the vortex dynamics was determined under the assumption
that the potential flow, at least at large distances from the vortex, satisfies the Biot—Savart law. Because the induced
effect on the entire vortex flow was difficult to estimate, the concept of local induction was used. In the new method
proposed here, the indicated assumption is ignored and the flow is constructed on the basis of the requirement that
the external field of fluid velocities coincide locally with the field induced by an appropriate straight vortex.

The equation of vortex dynamics was obtained, which coincided in form with the classical equation of local
induction. The parameters of the new equation have the meaning of flow parameters, and the coefficient of this
equation does not necessarily exceeds unity.

Unlike the traditional methods, the new method for determining the vortex dynamics provides an analytical
proof of the existence of flows that show this dynamics, particularly, the integrated dynamics of vortex.

The method for studying fluid flows by using coordinates related specifically to the potential flow component
is of interest. In these coordinates, the potential part of flow is trivial, i.e., it is an a priori known constant. Hence,
investigation of full flows reduces to investigation of the vortex components of these flows.

where
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